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Abstract
We present here a conjecture about the equivalence between the noise density of
states of a system governed by a generalized Langevin equation and the fluctuation
in the energy density of states in a Hamiltonian system. We present evidence of this
for a disordered Heisenberg system.
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1 Introduction
The connection between time and space has been always a matter of discussion
in physics and philosophy. One can say that a major achievement last century
was the birth of Einstein’s theory of relativity which gives equal weight to
both. However, when one looks at highly disordered systems one seems so far
away from such questions that they apparently belong to another world. In
this work, we try to present a conjecture which, despite its empirical character,
may be useful to understanding some basic phenomena in complex structures.
A fundamental question in a physical system is how energy, matter and infor-
mation propagate. For systems which present diffusion, more than a century of
investigation may lead us to the conclusion that most of the important aspects
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are known. However, if we ask simple questions such as “How do spin waves
diffuse in a Heisenberg system with correlated disorder?”, “How do electrons
behave in an irregular lattice?”, or “How does a ratchet device work?”, it
takes a short time to realize that these unanswered problems are related to
diffusion. In this way, we can say that diffusion is still a modern and present
problem in all condensed matter physics.
In order to try to answer questions as those above, we shall put them in two
different frameworks: First, let us consider a system described by a generalized
Langevin equation [1] of the form
dA(t)
dt
= −
∫ t
0
Γ(t− t′)A(t′)dt′ + F (t), (1)
where F (t) is a stochastic noise subject to the conditions 〈F (t)A(0)〉 = 0,
〈F (t)〉 = 0, and the Kubo fluctuation-dissipation theorem, namely CF (t) =
〈F (t)F (0)〉 = 〈A2〉eqΓ(t) (FDT). Here, the brackets 〈〉 mean ensemble aver-
ages. In order to study diffusion, let us now define the variable x(t) as
x(t) =
∫ t
0
A(t′)dt′, (2)
and suppose its mean square value has the asymptotic behavior
lim
t→∞
< x2(t) >∼ tα. (3)
For normal diffusion α = 1; we have subdiffusion for α < 1 and superdiffusion
for α > 1. Notice that if A(t) is the momentum of a particle, x(t)/m is
its position. Recently [2], it was proved that if the Laplace transform of the
memory behaves as
Γ˜(z → 0) ∼ zν , (4)
then
α = ν + 1. (5)
Therefore, for this kind of problem, a great deal of achievement has been
obtained, and the kind of diffusion can be immediately predicted without
tedious calculations. This system presents noise with an associated memory
function given by
Γ(t) =
∫
ρn(ω) cos(ωt)dω. (6)
Here ρn(ω), is the noise density of states (NDS). This result can be obtained
from the FDT [2,3]. We shall say that such a system presents temporal disorder.
A second class of systems is composed by those which present spatial disorder.
They have been thoroughly investigated in the last half century [4], neverthe-
less, some questions concerning localization or diffusion still remain open. Let
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us consider as an example the Heisenberg chain [5,6]
H = −
N∑
l=1
JlSl · Sl+1, (7)
where S = 1/2. Here, Jl is the exchange integral at the site l. Equivalently,
we could consider the disordered harmonic chain [7] or even the Anderson
model [8].
Can we predict the properties of those system in the same way we do for the
GLE? The answer is partially yes, partially no. The conjecture we present
here, being valid, will help to answer those questions.
This work is organized as follows: In Sec. 2, we present the spatio-temporal
conjecture. In Sec. 3, we outline some considerations about the conjecture. In
Sec. 4 we show that the conjecture works for the quantum Heisenberg chain.
Finally we conclude the work in Sec. 5.
2 The Conjecture
Consider a system which presents fluctuations in its energy density of states
D(E); let us call ρF (E) the fluctuation density. Then
ρF (E) = ρn(E). (8)
If this is true, then ρF can be introduced in Eq. (6) to obtain the diffusive
exponent α. This is our conjecture. Notice that by energy density of states
we usually refer to one particle density of states, or, see Sec. 4, to the density
of states for the spin wave dynamics. For any situation one shall define the
appropriated D(E). This conjecture was somehow advanced by Morgado et
al. [2]. However, it is stated here in a clear and precise manner.
3 Considerations about the conjecture
A fundamental aspect of the stochastic process is the noise. Consequently, no
one will question the result presented in Eq. (5); in any case it can be easily
verified in reference [2]. The question is why is the fluctuation important and
not the density itself, since we have learned from statistical mechanics that
D(E) will give us the main information we need? We may advance an insight:
the relaxation process may depend on all the fluctuations the system presents,
i.e., the fluctuation in energy levels and in the dynamical variables. For most
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systems the fluctuation in the density of states will follow the law of the great
numbers N−1/2 and they are irrelevant. Nevertheless, for some mesoscopic
systems with highly correlated disorder, or due to some other reason with
important fluctuations, these will be dominant for the relaxation process.
The relations between time and space are common even in situations where
we do not expect them. For example, in systems which have broken space
symmetry due to the presence of surfaces or disorder, time reversal symmetry
allows the persistence of some space reversion symmetries [9].
4 Ferromagnetic Heisenberg disordered chain
In this section we discuss a concrete case where the conjecture works. We
present here an illustrative situation; details will be given elsewhere [10]. Let
us consider the chain described by Eq. (7) with couplings given by
Jl = J0 +
N/2∑
k=1
(Ck−β)1/2 cos(pikl/N + φk), (9)
where C is a constant, the exponent β controls the strength of the correlation,
and the angles φ are random phases in the interval 0 ≤ φ < 2pi. Here J0
shifts all Jl, so that Jl > 0, in order to keep the chain ferromagnetic. By
direct numerical integration [6], it has been shown that for 0 < β < 1 the spin
waves are delocalized and present a superdiffusive behavior with α = 1.5; for
1 < β < 2, the system presents ballistic motion, i.e., α = 2.
We use a renormalization process [6] to obtain the density of states D(E). We
then define the fluctuation in the density of states as
ρ2F (E) = 〈(D(E)− 〈D(E)〉)
2〉. (10)
Here, the average is done over many chain realizations. We use the conjecture
Eq. (8), and the relations (4-6) to obtain α. In Fig. 1, we show α as a func-
tion of β. The line is the result from numerical integration while the points
are from the conjecture. The agreement is remarkable. Consequently, for the
Heisenberg chain, the conjecture works! For the harmonic chains and the An-
derson model with similar disorder, the preliminary results also reproduce the
result obtained by numerical integration.
A complete description of a system such as the Heisenberg chain above is not
fully possible. For example, one cannot discover the value of α for a given
value of β, unless we compute D(E) and then ρF (E). At this point, we may
argue that if we do not know ρn(ω), then we also do not know how to compute
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Fig. 1. Numerical data for the diffusion exponent α as function of β averaged over
900 chains.
α; therefore, we place the two approaches at the same level. The temporal ap-
proach, however, sounds simple, since there is apparently no restriction to the
values of α one can obtain. The limits of the diffusion we have are easily under-
stood, since spin waves have well defined dispersion relations, just like sound
waves, solitons, or any other excitation. They all have well defined density of
states. The question now is why two regimes? Again, the determining rule of
the fluctuations for the diffusion helps to explain this. The same dispersion
relations present very different fluctuations as the correlation in the disorder
changes. Notice that the intensity of the fluctuations is not important, as long
as it is relevant: in the Eq. (4), we see that only the exponent ν is important
for the determination of α. This fact makes the conjecture acceptable even
when the FDT does not work [3]. As we change β in the interval 0 < β < 1,
the system preserves the same law with the fluctuations changing their in-
tensity. For β ∼ 1, it can no longer support the same dispersion relation and
fluctuations, so it changes to a new “order” with new fluctuations. One char-
acteristic of ballistic motion, 1 < β < 2, is the absence of fluctuations in the
low density region [3]. Throughout the region 0 < β < 2, the density of states
has the same law D(E) ∼ E−1/2, within the calculation’s precision [6]. That
is how the system preserves its dispersion relation for the spin waves, while it
responds to different disorder. This shows how important the fluctuations are
in the determination of the diffusive process.
5 Conclusion
We have discussed the diffusive properties of a dynamical variable A(t) and
we proposed the conjecture that there is an equivalence between the noise
in a GLE and the fluctuation in the energy density of states, in such way
that stochastic and Hamiltonian methods can be interchanged to describe
diffusion. The conjecture may appear either naively simple or wrong. However,
it deserves full attention due to two reasons. From the result of Sec. 4, we
5
see that it works well for a very important and complex system: the quantum
disordered Heisenberg chain. Second, if one can classify systems where it works
and where it does not, it would create a great step forward, and it would
promote new research in the direction of universal diffusive behavior.
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